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WEIGHTED EQUIDISTRIBUTION THEOREM FOR SIEGEL
MODULAR FORMS OF DEGREE 2
MASAO TSUZUKI
Abstract. We deduce a weighted equidistribution theorem of the Satake parameters
of Sigel cusp forms on Sp2(Z) with growing even weights.
1. Introduction
Let GSp2 be the symplectic similitude group of rank 2, which is a reductive connected
algebraic Q-group defined as
GSp2 = {g ∈ GL4| tg
[
0 12
−12 0
]
g = ν(g)
[
0 12
−12 0
]
(∃ν(g) ∈ GL1)},
whose center Z consists of all the scalar matrices in GL4. Set G = PGSp2 := G/Z. The
identity connected component G(R)0 of real points of G transitively acts on the Siegel
upper-half space h2 := {Z = [ z1 z2z2 z3 ] ∈M2(C)| Im(Z)≫ 0} by
g.Z = (AZ +B)(CZ +D)−1, g = [ A BC D ] ∈ GSp2(R)0, Z ∈ h2.
For a positive even integer l, let Sl(Sp2(Z)) denote the space of Siegel cusp forms of weight
l, i.e., the set of all those holomorphic bounded functions Φ : h2 → C such that
Φ(γ.Z) = det(CZ +D)lΦ(Z), γ = [ A BC D ] ∈ Sp2(Z).(1.1)
The space Sl(Sp2(Z)) is a finite dimensional Hilbert space with the inner-product whose
associated norm is
‖Φ‖2 =
∫
Sp2(Z)\h2
|Φ(Z)|2(det ImZ)ldµh2(Z), Φ ∈ Sl(Sp2(Z)),
where
dµh2(Z) = (det ImZ)
−3
3∏
j=1
2−1|dzj ∧ dz¯j |(1.2)
is the invariant measure on h2. Any element Φ ∈ Sl(Sp2(Z)) is given by its Fourier
expansion
Φ(Z) =
∑
T∈Q+
AΦ(T ) e
2π
√−1tr(ZT ), Z ∈ h2
with the set of Fourier coefficients {AΦ(T )}T∈Q+, where Q+ is the set of positive definite
matrices in Q := {T = [ b a/2a/2 c ] | a, b, c ∈ Z}. The latter space Q carries an action of
the modular group SL2(Z) given as Q × SL2(Z) ∋ (T, δ) 7→ δT tδ ∈ Q. From (1.1),
the Fourier coefficients AΦ(T ) (T ∈ Q+) has the modular invariance AΦ(δT tδ) = AΦ(T )
(δ ∈ SL2(Z)), which allows one to regard T 7→ AΦ(T ) as a function on the orbit space
SL2(Z)\Q+. Let D < 0 be a fundamental discriminant and χ a character of the ideal
1
class group ClD of the imaginary quadratic field Q(
√
D). Let [T ] ∈ ClD be the image of
T ∈ Q+prim(D) by the natural isomorphism SL2(Z)\Q+prim(D) ∼= ClD, where
Q+prim(D) :=
{[
b a/2
a/2 c
]
∈ Q+
∣∣∣ a2 − 4bc = D, (a, b, c) = 1}.
Let χ be a character of ClD and σ the non trivial element of Gal(Q(
√
D)/Q). Since aaσ
is principal for any invertible ideal a of Q(
√
D), we have that χχσ is trivial; thus χ = χσ
if and only if χ2 = 1. Recall that χ = χσ if and only if χ, when viewed as an idele class
character of Q(
√
D), is of the form NQ(
√
D)/Q ◦χ0 with some idele class character χ0 of Q.
Following [12], let us define
ωΦl,D,χ := cl,D dχ
|R(Φ, D, χ−1)|2
‖Φ‖2 , Φ ∈ Sl(Sp2(Z)),
where
R(Φ, D, χ) :=
∑
T∈SL2(Z)\Q+prim(D)
AΦ(T )χ([T ])
and
dχ :=
{
1 (χ2 = 1),
2 (χ2 6= 1),
cl,D :=
√
π
4
(4π)3−2lΓ(l − 3/2)Γ(l − 2)×
( |D|
4
)3/2−l
4
wD hD
,
where wD is the number of roots of unity in Q(
√
D) and hD := #ClD is the class number
of Q(
√
D). Let Fl be a C-basis of Sl(Sp2(Z)) consisting of joint-eigenfucntions of all the
Hecke operators. In the work [12], Kowalski-Saha-Tsimerman investigated the quantity
ωΦl,D,χ from a statistical point of view, including the asymptotic behavior of the average
of spinor L-values Lf (s, πΦ) for s on the convergent range of the Euler product taken
over the ensemble {ωΦl,D,χ|Φ ∈ Fl} with growing l. Later, the asymptotic formula for the
central spinor L-values is proved by Blomer in [4], where even a second moment formula
is erabolated by a deep analysis of diagonal and off-diagonal cancellation of terms from
the Petersson formula for Siegel modular forms. In our previous paper [22], based on a
different technique involving the archimedean Shintani functions and Liu’s computation
of local Bessel priods for spherical functions, we extend the (first moment) asymptotic
formula for central standard L-values of cusp forms on SO(2, m) (m > 3) in a general
setting. In this paper, we examine the case when m = 3 in detail.
1.1. Description of results. To state the main result, we need additional notation. For
Φ ∈ Fl, let πΦ be the automorphic representation ofG(A) generated by the function Φ˜ on
the adeles G(A) well-defined by the relation Φ˜(γg∞uf ) = det(
√−1C +D)−lΦ((A√−1 +
B)(C
√−1+D)−1) for γ ∈ G(Z), g∞ = [ A BC D ] ∈ G(R)0 and uf ∈ G(Ẑ). By [10, Corollary
3.3], πΦ is irreducible and cuspidal; as such it can be decomposed as the restricted tensor
product πΦ ∼=
⊗
p6∞ πΦ,p of irreducible smooth representations πΦ,p of G(Qp) for p <∞
2
and πΦ,∞ a holomorphic discrete series representation of G(R) of scalar weight l. Let B
be a Borel subgroup consisting of all matrices in G of the form[
A 0
0 λtA−1
] [
12 B
0 12
]
((λ,A) ∈ GL1 ×GL2, B = tB)(1.3)
with A being an upper-triangular matrix of degree 2. Let U denote the unipotent radical
of B, which consists of all the elements (1.3) such that A is an upper-triangular unipotent
matrix. For a prime number p, set
Xp := (C/2π
√−1(log p)−1Z)2
and W (C2) the C2-Weyl group which, as an automorphism group of Xp, is generated by
the two elements s1, s2 given as s1(ν1, ν2) = (ν2, ν1) and s2(ν1, ν2) = (ν1,−ν2). For ν =
(ν1, ν2) ∈ Xp, let Ip(ν) = IndG(Qp)B(Qp)(χν) denote the parabolically induced representation of
G(Qp) from a quasi-character χν of B(Qp) given as
χν(diag(t1, t2, λt
−1
1 , λt
−1
2 )n) = |t1|−ν1+ν2p |t2|−ν1−ν2p |λ|ν1p , (t1, t2, λ) ∈ (Q×p )3, n ∈ U(Qp).
(1.4)
It is known that Ip(ν) admits a unique G(Zp)-spherical constituent to be denoted by
πurp (ν). Note that π
ur
p (wν)
∼= πurp (ν) for all ν ∈ Xp and w ∈ W (C2). The local spinor
L-factor attached to πurp (ν) is defined as
L(s, πur(ν)) =
2∏
j=1
(1− αjp−s)−1(1− α−1j p−s)−1
with αj = p
−νj (j = 1, 2). Let νp(Φ) = (ν1,p, ν2,p) ∈ Xp/W (C2) be the unique point such
that πΦ,p ∼= πurp (νp(Φ)). The spinor L-function Lf (s, πΦ) of πΦ and its completion L(s, πΦ)
are originally defined as the degree 4 Euler product
L(s, πΦ) := ΓC(s+ 1/2)ΓC(s+ l − 3/2)× Lf (s, πΦ),
Lf (s, πΦ) :=
∏
p<∞
L(s, πurp (νp(Φ))), Res≫ 0,
where ΓC(s) := 2(2π)
−sΓ(s). In this paper, we use the symbol f to denote the set of all
the prime numbers, or as a subscript to indicate that the object is related to the set of
finite adeles. It is known that L(s, πΦ) has a meromorphic continuation to C with the
functional equation L(1− s, πΦ) = L(s, πΦ) admitting possible poles at s = 3/2,−1/2 ([1]
and [2]). It should be also recalled that these poles are at most simple and they occur if
and only if Φ is the Saito-Kurokawa lifting from an elliptic cusp form on SL2(Z) ([17],
[18]).
Let AI(χ) ∼=⊗p6∞AI(χ)p be the automorphic induction from an idele class character
χ of Q(
√
D), which is an isobaric automorphic representation ofGL2(A); it is not cuspdal
if and only if χ = χ0 ◦ NQ(√D)/Q with some Hecke character χ0 of Q in which case
AI(χ) = χ0 ⊞ χ0ηD, where ηD is the quadratic idele class character of Q corresponding
to Q(
√
D) by class field theory. Let Lf (s,AI(χ)) be the Hecke L-function (degree 2) of
the automorphic representation AI(χ). By transcribing [22, Theorem 1] in the language
of Siegel modular forms, we have the following result.
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Theorem 1.1. Let D < 0 be a fundamental discriminant and χ a character of ClD. Then
there exists a constant C = C(D) > 1 (independent of χ) such that as l ∈ 2N grows to
infinity, ∑
Φ∈Fl
Lf (1/2, πΦ)ω
Φ
l,D,χ−1 = 2P (l, D, χ) +O(C
−l)
with
P (l, D, χ) =
{
Lf (1, ηD) (ψ(l− 1)− log(4π2)) + L′f (1, ηD), (χ = 1),
Lf (1,AI(χ)), (χ 6= 1),
where ψ(s) = Γ′(s)/Γ(s) is the di-gamma function.
After recalling a basic setting for orthogonal groups in § 3, we state the corresponding
asymptotic formula for the orthogonal group in Corollary 3.3, from which Theorem 1.1
is easily deduced by the materials collected in § 4.1. Since ψ(l − 1) = log l +O(l−1) as is
well-known, Theorem 1.1 when specialized to the case D = −4 and χ = 1 recovers the
asymptotic formula stated in [4, Theorem 1]. Note that our asymptotic formula has a
much stronger error term O(C−l) than O(l−1) (cf. [4, (1.8)]).
For each prime number p, we fix a Haar measure dgp on G(Qp) such that vol(G(Zp)) =
1. Let H (G(Qp)/G(Zp)) be the spherical Hecke algebra ofG(Qp). For any function φ ∈
H (G(Qp)/G(Zp)), let φˆ : Xp → C denote the spherical Fourier transform of φ, i.e, φˆ(ν) is
the eigenvalue of πurp (ν)(φ) =
∫
G(Qp)
φ(gp)π
ur
p (gp)dgp on the G(Zp)-fixed vectors of π
ur
p (ν).
Let dµPlp be the spherical Plancherel measure corresponding to dgp, i.e., a non-negative
Radon measure on Xp supported on the tempered locus X
0
p = (
√−1R/2π√−1(log p)−1Z)2
which fits in the inversion formula:∫
X0p
φˆ(ν) dµPlp (ν) = φ(14), φ ∈ H (G(Qp) / G(Zp)).
Let S be a finite set of prime numbers. For any α = ⊗p∈Sαp continuous function on
XS =
∏
p∈S(C/2π
√−1(log p)−1Z)2, define
ΛχS(α) :=
∏
p∈S
ζp(2)ζp(4)
ζp(1)L(1,AI(χ)p)
∫
X0p/W (C2)
L
(
1
2
, πurp (ν)×AI(χ)p
)
L
(
1
2
, πurp (ν)
)
L(1, πurp (ν),Ad)
dµPlp (ν)
and µPlS =
⊗
p∈S µ
Pl
p , where L(s, π
ur
p (ν)×AI(χ)p) is the local p-factor of the GSp2×GL2
convolution L-function (degree 8) and L(s, πurp (ν),Ad) is the local p-factor of the adjoint
L-function of GSp2 (degree 10). Let X
0+
p denote the set of ν ∈ Xp such that πurp (ν) is
unitarizable. Note that X0+p is a relatively compact subset of Xp and X
0
p ⊂ X0+p . Since
πΦ with Φ ∈ Fl is a subrepresentation of L2(G(Q)\G(A)), the local components πΦ,p are
unitarizable, which implies νp(Φ) ∈ X0+p for all p < ∞. For a set S of primes, let νS(Φ)
denote the element {νp(Φ)}p∈S of X0+S :=
∏
p∈S X
0+
p . Now we can state our main theorem
as follows.
Theorem 1.2. Let D < 0 be a fundamental discriminant and χ a character of ClD. For
l ∈ 2N, let Fl be a Hecke eigen basis of Sl(Sp2(Z)) and F#l the set of Φ ∈ Fl which is
a Saito-Kurokawa lifting from elliptic cusp forms on SL2(Z). Set F ♭l = Fl − F#l . Let
4
S be a finite set of odd prime numbers such that p 6∈ S for all prime p|D. Then for any
α ∈ C(X0+S /WS), as l ∈ 2N grows to infinity,
1
(log l)δ(χ=1)
∑
Φ∈F ♭l
α(νS(Φ))Lf (1/2, πΦ)ω
Φ
l,D,χ−1 → 2ΛχS(α)
{
Lf (1, ηD), (χ = 1),
Lf (1,AI(χ)), (χ 6= 1),
1
(log l)δ(χ=1)
∑
Φ∈F#l
α(νS(Φ))Lf (1/2, πΦ)ω
Φ
l,D,χ−1 → 0.
We note that the proof of this theorem requires the non-negativity Lf (1/2, πΦ) > 0
(∀Φ ∈ F ♭l ), which is known ([20, Theorem 5.2.4], [13], [23]).
Corollary 1.3. Let D < 0 be a fundamental discriminant and S a finite set of add prime
numbers such that p ∈ S is relatively prime to D. Let χ be a character of ClD. Given a
Riemann integrable subset U of X0S/WS such that µ
Pl
S (U) > 0, there exists l0 ∈ N with the
following property: for any even integer l > l0 there exists Φ ∈ F ♭l such that
(i) Lf (1/2, πΦ) > 0,
(ii) R(Φ, D, χ) 6= 0,
(iii) νS(Φ) ∈ U .
At this point, we should recall a conjecture by Dickson-Pitale-Saha-Schmidt ([7]), which
is a generalization of Bo¨chere’s conjeture([5]) and is deduced from a version of the refined
Gan-Gross-Prasad conjecture posed by Y.Liu ([14]):
Conjecture ([7, Conjecture 1.3]) : Let l > 2 be an even integer and Φ ∈ Sl(Sp2(Z)) is a
joint eigenfunction of all the Hecke operators. Suppose that Φ is not the Saito-Kurokawa
lifting from an elliptic cusp form on SL2(Z). Then for any fundamental discriminant
D < 0 and for any character χ of ClD,
|R(Φ, D, χ−1)|2
‖Φ‖2 =
24l−4π2l+1
(2l − 2)! w
2
D|D|l−1
Lf (1/2, πΦ ×AI(χ))
Lf (1, πΦ,Ad)
.(1.5)
Note that the analytical prperties of L-functions appering in the formula are fully studied
in [20]: in particular, it is proved that both the degree 8 L-function L(s, πΦ × AI(χ))
and the degree 10 L-function L(s, πΦ; Ad) are entire and that Lf (1, πΦ,Ad) 6= 0 ([20,
Theorem 4.1.1, Theorem 5.2.1]). Conditionally upon this conjecture, given U and χ as
above, Corollary 1.3 yields an infinite family of Siegel modular forms Φ ∈ Sl(Sp2(Z)) with
growing weights such that
Lf (1/2, πΦ)Lf (1/2, πΦ ×AI(χ)) 6= 0 and νS(Φ) ∈ U .
The validity of the conjecture when χ is trivial is proved by Furusawa-Morimoto ([9]):
Theorem 1.4. (Furusawa-Morimoto [9, Theorem 2]) Let Φ ∈ Sl(Sp2(Z)) with an evem
l > 2 is a joint eigenfunction of all the Hecke operators on Sp2(Z). Suppose that Φ is
not a Saito-Kurokawa lift. For any negative fundamental discriminant D, when χ is the
trivial character of ClD, the equality (1.5) is true.
Invoking this, we have the following result unconditionally.
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Corollary 1.5. Let D < 0 be a fundamental discriminant and S a finite set of add prime
numbers such that p ∈ S is relatively prime to D. Let χ be a character of ClD. Given a
Riemann integrable subset U of X0S/WS such that µ
Pl
S (U) > 0, there exists l0 ∈ N with the
following property: for any even integer l > l0 there exists Φ ∈ F ♭l such that
(i) Lf (1/2, πΦ)Lf (1/2, πΦ × ηD) > 0,
(ii) νS(Φ) ∈ U .
We should remark that when S = ∅, this corollary also follows from [7, Theorem 3.15].
2. Preliminaries
In this section we recall well-known facts on automorphic forms on the anisotropic
orthogonal group of degree 2 in the framework of [16].
2.1. A general setting. Let (V1, Q1) be a non-degenerate quadratic space over Q such
that dim(V1) = m and V1 is isotropic. Let L1 be a maximal integral lattice in (V1, Q1),
i.e., 2−1Q1(L1) ⊂ Z and if M is a Z-lattice such that 2−1Q1(M ) ⊂ Z and L1 ⊂ M then
M = L1. The associated bi-linear form Q1(X, Y ) = 2−1(Q1(X + Y )− Q1(X)− Q1(Y ))
(X, Y ∈ V1) on V1 takes integral values on L1×L1. Let L ∗1 := {X ∈ V1|Q1(X,L1) ⊂ Z}
be the dual lattice of L1, and ξ ∈ L ∗1 a reduced vector, i.e., ξ is primitive in L ∗1 and the
lattice L ξ1 := L1∩V ξ1 is maximal integral in (V ξ1 , Qξ), where V ξ1 := {X ∈ V1|Q1(X, ξ) = 0}
is the orthogonal complement of Qξ and Qξ1 = Q1|V ξ1 . Set
G1 = O(Q), G
ξ
1 = StabG1(ξ)
∼= O(Qξ1).
For each prime number p, define
K1,p = {g ∈ G1(Qp)| gL1,p = L1,p}, K∗1,p := {g ∈ K1,p| (g − 1)L ∗1,p ⊂ L1,p},
Kξ1,p = {h ∈ Gξ1(Qp)| hL ξ1,p = L ξ1,p}, Kξ∗1,p = {h ∈ Kξ1,p| (h− 1)L ξ∗1,p ⊂ L ξ1,p},
where L ξ∗1 is the dual lattice of L
ξ
1 in V
ξ
1 (Q). From [16, ], we have
K∗1,p ∩ Gξ1(Qp) = Kξ∗1,p (p <∞).(2.1)
We suppose K1,p = K
∗
1,p for all p < ∞ from now on, and set K1,f =
∏
p<∞K1,p etc.
From [19, Theorem 5.1], there exists a finite subset {uj}tj=1 ⊂ G1(Af ) with the disjoint
decomposition:
G1(A) =
t⋃
j=1
G1(Q)ujG1(R)K1,f ,(2.2)
where t is the class number of G1. For u = (up)p<∞ ∈ G1(Af ), define
L1(u) := V1(Q) ∩ (V1(R)
∏
p<∞
up L1,p),
ΓQ1(u) := G1(Q) ∩ (G1(R)
∏
p<∞
upK1,pu
−1
p ).
Let L1(u)∗ be the dual lattice of L1(u) ⊂ V1(Q). For ∆ ∈ Q, set
L1(u)
∗
prim,[∆] := {η ∈ L1(u)∗prim|Q1(η) = ∆}.
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Proposition 2.1. Set ∆ = Q1(ξ). There exists a bijective map
¯ : Gξ1(Q)\Gξ1(Af )/Kξ∗1,f→
t⊔
j=1
(ΓQ1(uj)\L1(uj)∗prim,[∆])
such that for any h¯ ∈ Gξ1(Q)\Gξ1(Af )/Kξ∗1,f represented by h ∈ Gξ1(Af ) and a representative
η ∈ L1(uj)∗prim of ¯(h¯) ∈ ΓQ1(uj)\L1(uj)∗prim,[∆],
#(Gξ1(Q) ∩ hKξ∗1,fh−1) = #(ΓQ1(uj)η),(2.3)
where ΓQ1(uj)η = {γ ∈ ΓQ1(uj)|γη = η}.
Proof. Let us define a map
 : Gξ1(Af )→ X :=
t⊔
j=1
(ΓQ1(uj)\L1(uj)∗prim,[∆])
as follows: Let h ∈ Gξ1(Af ) and write it as
h = γujg∞gf with γ ∈ G1(Q), 1 6 j 6 t, g∞ ∈ G1(R) and gf ∈ K1,f .(2.4)
Since (2.2) is a disjoint union, j is uniquely determined by h. Then the vector γ−1ξ ∈ V
belongs to the lattice L1(uj)
∗ and its ΓQ1(uj)-orbit does not depend on the decomposi-
tion (2.4). Indeed, by looking at the finite component of (2.4), we have h = γujgf , or
equivalently γ−1 = ujgfh−1. Hence γ−1ξ = ujgf ξ, which implies (γ−1ξ)p = uj,pgp ξp ∈
uj,pgpL ∗1,p = uj,pL
∗
1,p = (L1(u)
∗)p for all p < ∞. Thus γ−1ξ ∈ L1(u)∗. If h = γ′ujg′∞g′f
be another decomposition like (2.4). Then γujg∞gf = γ′ujg′∞g
′
f yields the relation
γfujgf = γ
′
fujg
′
f , or equivalently γ
−1
f γ
′
f = uj(gf(g
′
f )
−1)u−1j , which implies γ
−1γ′ ∈ G1(Q) ∩
(G1(R) ujK
∗
1,fu
−1
j ) = ΓQ1(uj). Thus γ
−1ξ = δ (γ′)−1ξ with some δ ∈ ΓQ1(uj) as desired.
Therefore, we have a well-defined map  : G1(Af)→ X such that
(h) = ΓQ1(uj) γ
−1ξ
for any h ∈ G1(Af ) with the decomposition (2.4). From this it is evident that (δhk) = (h)
for all δ ∈ Gξ1(Q) and k ∈ K∗1,f ∩Gξ1(Af ). By [16, Proposition 2.3], we have K∗1,f ∩Gξ1(Af ) =
Kξ∗1,f . Hence by passing to the quotient, the map  induces a map
¯ : Gξ(Q)\Gξ(Af )/Kξ∗f → X.
To confirm the injectivity of ¯, take h, h′ ∈ Gξ1(Af ) with ¯(h) = ¯(h′). Let h′ = γ′uiγ′∞g′f
be the decomposition of h′ like (2.4). Since j is determined by ¯(h) from the relation
¯(h) ∈ ΓQ1(uj)\L1(uj)∗[∆], we have i = j. Then the relation ¯(h) = ¯(h′) implies γ−1ξ =
δ (γ′)−1ξ with some δ ∈ ΓQ1(uj). Hence β := γ′δ−1γ−1 ∈ Gξ1(Q). Since γ−1ξ = ujgfξ
and (γ′)−1ξ = ujg′fξ in V1(Af ), we also have ujgfξ = δfujg
′
fξ, from which the element
g−1f u
−1
j δfujg
′
f is seen to belong to G
ξ
1(Af ). The last element also belongs to K
∗
f due to
δ ∈ ΓQ1(uj). Hence κ−1 := g−1f u−1j δfujg′f ∈ Gξ1(Af ) ∩K∗1,f = Kξ∗1,f . Using this, we have
h = γfujgf = βfγ
′
f (δ
−1
f ujgf ) = βfγf(ujg
′
fκ) = βfh
′κ.
This shows h and h′ determines the same double coset in Gξ1(Q)\Gξ1(Af )/Kξ∗1,f .
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Let us show the surjectivity of ¯; let η ∈ L1(uj)∗prim,[∆] with 1 6 j 6 t and find
h ∈ Gξ1(Af) such that (h) = ΓQ1(uj)η. Since Q1[ξ] = Q1[η], we have γ ∈ G1(Q) such
that γ−1ξ = η. Let p be a prime number. From the assumption K∗1,p = K1,p and [16,
Proposition 2.7 (ii)], we have the equality
{g ∈ G1(Qp)| g−1(ξ) ∈ (L ∗1,p)prim} = Gξ1(Qp)K1,p.
Since u−1j,pγ
−1ξ = u−1j,pη ∈ (L ∗1,p)prim, we can find hp ∈ Gξ1(Qp) and kp ∈ K∗1,p such that
γpuj,p = hpkp. Set h = (hp)p<∞ ∈ Gξ(Af) and k := (kp)p<∞ ∈ K1,f . Then we have the
equality γuj = hk in G1(Af). From this, we have (h) = ΓQ1(uj) γ
−1ξ = ΓQ1(uj)η as
desired.
Let us prove the equality (2.3) for h ∈ Gξ1(Af ) and 1 6 j 6 t with (h¯) ∈ L1(uj)∗. Fix a
decomposition (2.4) of h and set η = γ−1ξ. Then it suffices to confirm the map δ 7→ γδγ−1
is a bijection from ΓQ1(uj)η onto G
ξ
1(Q) ∩ hKξ∗1,fh−1. Let δ ∈ ΓQ1(uj); then we have
δη = δ, which is equivalently written as g−1f u
−1
j δujgfξ = ξ. Thus g
−1
f u
−1
j δujgf ∈ Gξ1(Af )
on one hand. On the other hand, we have g−1f u
−1
j δujgf ∈ K∗1,f due to the containment
δ ∈ ΓQ1(uj). Hence g−1f u−1j δujgf ∈ Gξ1(Af ) ∩ K∗1,f = Kξ∗f by (2.1). Therefore γδγ−1 =
h(g−1f u
−1
j δujgf)h
−1 ∈ hKξ∗1,fh−1 ∩ Gξ1(Q). Hence the map δ 7→ γδγ−1 induces an injection
from ΓQ1(uj)η into G
ξ
1(Q) ∩ hKξ∗1,fh−1. It remains to show the surjectivity of this map.
For that, let δ1 ∈ Gξ1(Q) ∩ hKξ∗1,fh−1. Then
Kξ∗1,f ∋ h−1δ1h = g−1f u−1j (γ−1δ1γ)ujgf ,
which combined with gf ∈ K∗1,f yields γ−1δ1γ ∈ ujgfKξ∗1,fg−1f u−1j ⊂ ujK∗1,fu−1j ; thus
γ−1δ1δ ∈ G1(Q) ∩ (G1(R)ujK∗1,fu−1j ) = ΓQ1(uj). From δ1 ∈ Gξ1(Q), we have δ1ξ = ξ, or
equivalently γ−1δ1γη = η, Hence δ := γ−1δ1γ ∈ ΓQ1(uj)η and δ1 = γδγ−1 as desired. 
Since ξ ∈ L ∗1 is supposed to be reduced, it is primitive in L ∗1 . Since V1 is isotropic
by assumption, there exists a pair of isotropic vectors {v0, v′0} such that Q1(v0, v′0) = 1,
Q1(v0, ξ) = 1 and L = (Zv0 + Zv′0) ⊕ L0 with L0 = L1 ∩ 〈v0, v′0〉⊥Q. We introduce the
following notation to write a general element of V :[
x
y
z
]
:= xv0 + y + zv
′
0, (x, z ∈ Q, y ∈ V0 := 〈v0, v′0〉⊥Q).
Then there exists a ∈ Z and α ∈ L ∗0 such that
ξ =
[
a
α
1
]
.
If we set
[y, z]ξ :=
[ −z−Q1(α,y)
y
z
]
(y ∈ V0, z ∈ Q),
then V ξ1 = {[y, z]ξ| y ∈ V0, z ∈ Q} and
Q1([y, z]ξ) = −2z2 − 2Q1(y, α) z +Q1(y).
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Thus we have
L ξ1 = {[y, z]ξ| y ∈ L0, z ∈ Z},
L ξ∗1 = {[y, z]ξ|Q(L0, y − αz) ⊂ Z, 2z +Q1(α, y) ∈ Z}.(2.5)
Define σ˜ : V1 → V1 by demanding σ(ξ) = ξ and
σ˜ : [y, z]ξ 7→ [y,−z −Q1(α, y)]ξ, [y, z]ξ ∈ V ξ1 .
Then the containment σ˜ ∈ Gξ1(Q) is confirmed by a computation.
Lemma 2.2. For any p <∞, let σ˜p be the image of σ in Gξ1(Qp). Then we have σ˜p ∈ Kξ∗p .
Proof. From definition, σ˜(L ξ1 ) ⊂ L ξ1 is obvious. For any (y, z)ξ ∈ L ξ∗1 ,
σ˜([y, z]ξ)− [y, z]ξ = [y,−z −Q1(α, y)]ξ − [y, z]ξ = [0,−2z −Q1(α, y)]ξ ∈ L ξ1
by (2.5). 
2.2. Ternary case. Let
V1 =
{
X = [ x yz −x ] ∈ M2(Q)| tr(X) = 0
}
, Q1(X) = −2 detX = 2x2 + 2yz.
If we identify X = [ x yz −x ] with the vector X˜ = t(y, x, z) ∈ Q3 then
Q1(X) =
tX˜
[
0 0 1
0 2 0
1 0 0
]
X˜.
We have that L1 := V (Z) ∼= Z3 is an integral lattice in (V1, Q1) and
L ∗1 = {[ x yz −x ] ∈ M2(Q)|y, z ∈ Z, 2x ∈ Z} ∼= Z⊕ 2−1Z⊕ Z.(2.6)
Since L ∗1 /L1 ∼= Z/2Z, we see that L1 is a maximal integral lattice and K1,p = K∗1,p for
all p <∞. By letting GL2 acts on V1 as
GL2 × V1 ∋ (g,X) 7→ gXg−1 ∈ V1,
we have a Q-rational isomorphism s : PGL2 → SO(Q) = G0 such that
s([ a bc d ]) = (ad− bc)−1
 a2 −2ab −b2−ac ad+ bc bd
−c2 2dc d2
 ;(2.7)
s preserves the integral structure, i.e., PGL2(Zp) ∼= G01(Qp)∩K1,p for all p <∞. Moreover,
G1 = G
0
1 × Z1, where Z1 = 〈cG1〉 with cG1 = −id is the center of G1 = O(Q1).
For a fundamental discriminant D such that D < 0. Set
ξD =
[
0 1
D/4 0
]
D ≡ 0 (mod 4),
ξD =
[
1/2 1
(D−1)/4 −1/2
]
D ≡ 1 (mod 4).
Lemma 2.3. We have that Q1(ξD) = D/2 and ξD ∈ L ∗1 is a reduced vector. We have
G
ξD
1 (Q)\GξD1 (Af )/KξD∗1,f ∼= SL2(Z)\Q+prim(D),
where
Q+prim(D) =
{[
b a/2
a/2 c
]
|b, c, a ∈ Z, b > 0, (a, b, c) = 1, a2 − 4bc = D
}
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on which SL2(Z) acts by SL2(Z)×Q+prim(D) ∋ (γ, T ) 7→ γT tγ ∈ Q+prim(D).
Proof. Q1(ξD) = D/2 is confirmed by a computation. FromGL2(A) = GL2(Q)GL2(R)GL2(Zˆ),
we have
G
0
1(A) = G
0
1(Q)G
0
1(R)(G
0
1(Af ) ∩K1,f ).
Since Z1(Af ) ⊂ K1,f , this gives us
G1(A) = G1(Q)G1(R)K1,f .
Thus from Proposition 2.1,
G
ξD
1 (Q)\GξD1 (Af )/KξD∗1,f ∼= ΓQ1\L ∗1,prim,[D/2],(2.8)
where
ΓQ1 = {g ∈ G1(Q)| uL1 = L1}.
Let
Q = {
[
b a/2
a/2 c
]
∈ M2(Q)|b, c, a ∈ Z}
identified with the space of integral binary quadratic forms [b, a, c] = bx2+ axy+ cy2 and
Qprim the space of primitive integral binary quadratic forms [b, a, c] (gcd(a, b, c) = 1). The
map
i : X → Xw, w = [ 0 1−1 0 ]
yields i : L ∗1 →∼= Q such that
i(gXg−1) = (det g)−1 g i(X) tg, g ∈ GL2(Z).
Let Q′1 be the quadratic form on Q, the transform of Q1 by i; then Q′1(
[
b a/2
a/2 c
]
) =
−2 det(
[
b a/2
a/2 c
]
w) = −2(bc−a2
4
). We have i(L ∗1,prim,[D/2]) = Qprim(D), whereQprim(D) :=
{T ∈ Qprim|Q′1(T ) = D/2}. By (2.8), it suffices to show that i induces a bijection
ΓQ1\L ∗1,prim,[D/2] ∼= SL2(Z)\Q+prim(D).
We have
ΓQ1
∼=
s
GL2(Z)/{±12}⋉ {1, c˜}
by defining s(c˜) = cG. By the map induced from i, the orbit space ΓQ1\L ∗prim,[D/2] is
identified with the GL2(Z) ⋉ {1, c˜}-equivalence classes in Qprim(D) where γ ∈ GL2(Z)
acts on Q as X 7→ det(γ) γX tγ and c˜ acts on Q as X 7→ −X . Since
(GL2(Z)⋉ {1, c˜})\Qprim(D) ∼= SL2(Z)\Q+prim(D),
we are done. 
Let E = Q(
√
D) be the quadratic extension of discriminant D < 0. Set
ω =
{√
D
2
(D ≡ 0 (mod 4)),√
D−1
2
(D ≡ 1 (mod 4)).
Then {1, ω} is a Z-basis of the integer ring oE of E, i.e., oE = Z ⊕ Zω. Set w = [ 0 1−1 0 ]
and TD = ξDw
−1. For α ∈ E, its conjugate is denoted by α¯. Then a computation reveals
that the relation
(X + ωY )(X + ω¯ Y ) = [X, Y ]TD [XY ]
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holds in the polynomial ring C[X, Y ], where {X, Y } is a set of indeterminates. We have
an embedding ι : E× → GL2 such that
[τ, τω] = [1, ω] t(ι(τ)), τ ∈ E×,(2.9)
whose image coincides with
GO(TD)
0 = {h ∈ GL2| hTDth = (det h) TD} = {h ∈ GL2| s(h)ξD = ξD}.
Indeed, set h = ι(τ) and putX ′ = h11X+h21Y , Y ′ = h12X+h22Y , i.e., [X ′, Y ′] = [X, Y ] h.
Then, from (2.9),
N(τ)[X, Y ]TD [XY ] = (τX + τωY )(τX + τ¯ ω¯Y )
= {(h11 + h12ω)X + (h21 + h22ω)Y }{(h11 + h12ω¯)X + (h21 + h22ω¯)Y }
= {(h11X + h21Y ) + ω(h12X + h22Y )}{(h11X + h21Y ) + ω¯(h12X + h22Y )}
= (X ′ + ωY ′)(X ′ + ω¯Y ′) = [X ′, Y ′]TD
[
X′
Y ′
]
= [X, Y ]hTD
th [XY ] .
Therefore,
N(τ)TD = hTD
th, det h = N(τ).
The composite of the isomorphisms ι : E× → GO(TD)0 and s : PGL2 → SO(Q1) = G01
induces an isomorphism
s ◦ ι : E×/Q× ∼=
ι
PGO(TD)
0 ∼=
s
SO(Q1)ξD = G
0
1 ∩ GξD1 = (G01)ξD .
Lemma 2.4. The map s ◦ ι induces a bijection
A×E,f/E
×ô×E ∼= GξD1 (Q)\GξD1 (Af )/KξD∗1,f .
Proof. Let p be a prime. From (2.9), we have o×E,p = ι
−1(GL2(Zp)). Since s(GL2(Zp)) =
G
0
1(Qp) ∩K1,p, we have
o×E,p/Z
×
p
∼= (G01)ξD(Qp) ∩K1,p = KξD∗1,p ∩ G01(Qp).
From Lemma 2.2, there exists a σ˜ ∈ GξD1 (Q)− (GξD1 )0(Q) such that σ˜p ∈ KξD∗1 .
KξD∗p,1 = K
ξD∗
1,p ∩ G01(Qp) {1, σ˜p}.(2.10)
Since Q is of class number 1, A× = Q×R>0
∏
p<∞Z
×
p . We have
A×E/E
×C× ôE
× ∼= A×E/E×A×C× ôE×
∼= A×E,f/E×A×f ôE×
∼=
s◦ι
(G01)
ξD(Q)\(G01)ξD(Af )/
∏
p<∞
(G01(Qp) ∩KξD∗1,p )
∼= GξD1 (Q)\GξD1 (Af )/KξD∗1,f
by using (2.10) to have the last isomorphism. 
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Lemma 2.5. Let hD be the class number of E = Q(
√
D) and J = {u1, . . . , uhD} a
complete set of representatives in A×E,f modulo E
×ôE
×
. Let σ′ : j 7→ jˆ be the involution
of J defined as u¯j ≡ ujˆ (mod E×ôE×). Let J be a complete set of representatives
of J/{id, σ′}. Set u˜j = s ◦ ι(uj) ∈ GξD1 (Af ). Then {u˜j}j∈J yields a complete set of
representatives of GξD1 (Q)\GξD1 (Af )/KξD∗1,f . Moreover, for j ∈ J ,
ej := #(G
ξD
1 (Q) ∩ u˜jKξD∗1,f u˜−1j ) = {1 + δ(j = jˆ)}
wD
2
,
where wD = #o
×
E and the total volume of G
ξD
1 (Q)\GξD1 (Af ) is
µD :=
∑
j∈J
e−1j =
hD
wD
.
Proof. Recall that GξD1 (Q) = Ims {1, σ˜}. Let σ denote the non-trivial automorphism of
E/Q. The embedding s ◦ ι from E×/Q× to GξD1 is extended to E×/Q× {1, σ} by setting
(s ◦ ι)(σ) = σ˜. Let h = (s ◦ ι(tτ)) with t ∈ E×/Q× and τ˜ ∈ {1, σ}. Then h ∈ u˜jKξD∗f u˜−1j
if and only if
uj(tτ)u
−1
j ∈ ôE× Σ,
where Σ =
∏
p<∞{1, σp} with σp a copy of σ identified with the unique non-trivial auto-
morphism of Ep = E ⊗Q Qp over Qp. Since σujσ = u¯j, this is equivalent to
(i) τ = 1, t ∈ ôE×, or
(ii) τ = σ, tuju¯
−1
j ∈ ôE×.
When we have the case (i), then t ∈ o×E/{±1}. The case (ii) happens if and only if
uju¯
−1
j ∈ E×ô×E, or equivalently j = jˆ; then t ∈ o×E/{±1}. Hence ej = {1+ δ(j = jˆ)}wD/2.
We have ∑
j∈J
(1/ej) = 2w
−1
D
(
#{j ∈ J | j 6= jˆ}+ 1
2
#{j ∈ J | j = jˆ}
)
=
hD
wD
.

Let V(ξD) be the space of all those smooth functions on GξD1 (A) such that f(δhu∞) =
f(h) for all δ ∈ GξD1 (Q), h ∈ GξD1 (A) and u∞ ∈ GξD1 (R). Let V(ξD;KξD∗1,f ) be the space of
KξD∗1,f -fixed vectors in V(ξD). Since 2ξD ∈ L1, an involutive operator τ ξDf on V(ξD,KξD∗1,f ) is
defined as [τ ξDf f ](h) = f(hh
ξD
f ) with h
ξD
f ∈ GξD1 (Af ) any element such that rξD ∈ hξDf K∗1,f
where rξD is the reflection of V1 with respect to the vector ξD (see [22, §2.9]).
Lemma 2.6. τ ξDf is the identity map.
Proof. Let cξD (resp. c1) be the non-trivial elements of the center of G
ξD
1 (Q) (resp. G1(Q)).
Then rξD = cξDc1. We claim that c1 viewed as an element of G1(Af ) belongs to K
∗
1,f .
Indeed, since 2L ∗1 ⊂ L1 by (2.6), we have c1(X) − X = −X − X = −2X ∈ L1 for all
X ∈ L ∗1 . Therefore for f ∈ V(ξD,KξD∗1,f ), we have [τ ξDf f ](h) = f(hcξD) = f(cξDh), which
equals to f(h) due to cξD ∈ GξD1 (Q) and to the automorphy of f . 
Set Ep(ξD) := K
ξD
1,p/K
ξD∗
1,p for a prime number p.
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Lemma 2.7. If p is inert or splits in Q(
√
D)/Q, then Ep(ξD) = {1}. If p ramifies in
Q(
√
D)/Q, then Ep(ξD) ∼= Z/2Z.
Proof. If Ep = Qp(
√
D) is a ramified field extension of Qp, then K
ξD
1,p = G
ξD
1 (Qp)
∼=
(E×p /Q
×
p )⋊Gal(Ep/Qp) andK
ξD∗
1,p
∼= (o×E,p/Z×p )⋊Gal(Ep/Qp) from the proof of Lemma 2.4.
Let ̟p be a prime element of Ep; then Ep(ξD) ∼= E×p /Q×p o×E,p is represented by the class
of 1 and ̟p. Thus Ep(ξD) ∼= Z/2Z. 
For a unitary character χ of the finite group A×E,f/E
×ôE
× ∼= ClD, define a function fχ
on GξD1 (Af )
∼= (A×E,f/A×f )⋊ Σ by setting
fχ(s ◦ ι(tτ)) = 12{χ(t) + χ(t¯)}, t ∈ A×E,f , τ ∈ Σ :=
∏
p<∞
{1, σp}.(2.11)
Lemma 2.8. The function fχ belongs to the space V(ξD;KξD∗1,f ) and is a joint eigenfunction
of the Hecke algebra H +(GξD1 (Af ) / K
ξD∗
1,f ). Let ĈlD/Gal(E/Q) be the Galois equivalence
classes in ĈlD. The set of functions fχ (χ ∈ ĈlD/Gal(E/Q)) forms an orthogonal basis of
V(ξD;KξD∗1,f ) such that
‖fχ‖2
G
ξD
1
=
hD
2wD
× {1 + δ(χ2 = 1)}.
Let Uχ be the GξD1 (Af )-submodule generated by fχ. Then Uχ is irreducible and the space
of KξD∗1,f -fixed vectors in Uχ coincides with Cfχ. The map χ 7→ Uχ yields a bijection
between ĈlD/Gal(E/Q) and the set of all the irreducible G
ξD
1 (Af)-submodules in V(ξD)
with KξD∗1,f -fixed vectors. The L-function Lf (s,Uχ) of Uχ coincides with Hecke’s L-function
Lf (s,AI(χ)) of AI(χ). If χ = 1 is the trivial character, then Lf (s,U1) = ζ(s)Lf(s, ηD).
Proof. The containment fχ ∈ V(ξD,KξD∗1,f ) is easy to be checked by (2.11). Let Cc(E×p /o×E,p)+
be the convolution algebra of all C-valued o×E,p-invariant compactly supported functions
φ0 on E
×
p such that φ0(t¯) = φ0(t) (t ∈ E×p ). For φ0 ∈ C∞c (E×p /o×E,p)+, define φ ∈
H (G1(Qp) / K
ξD∗
1,f ) by φ(tτ) = φ0(t) (t ∈ E×p /Qp, τ ∈ Gal(Ep/Qp)). Then φ0 7→ φ yields
a C-algebra isomorphism from Cc(E
×
p /Qp)
+ to Hp := H (G
ξD
1 (Qp)/ K
ξD∗
1,p ). In particular,
Hp is commutative so that its center H +p coincides with Hp itself. By this description
of H +p , it is easy to check that fχ is a joint-eigenfucntion of H
+
p for all p. From [22,
Proposition 13.1], the KξD∗1,f -fixed Hecke eigenvector fχ generates an irreducible G
ξD
1 (Af )-
submodule of V(ξD). The L-function L(s,Uχ) is defined to be L(s, fχ) whose definition
is given in [16, §1.4]. Let SE, IE and RE the set of p ∈ f which splits, remains inert or
ramifies in E/Q, respectively. Since Ep(ξD) = K
ξD
1,p/K
ξD∗
1,p is isomorphic to {1} or Z/2Z
according to p ∈ SE∪IE or p ∈ RE respectively (Lemma 2.7), the set of Satake parameters
{(zp, ρp)}p∈SE ∪ {ρp}p∈RE∪IE of fχ (in the extended sense of [16]) is described as follows.
If p ∈ SE , then E×p ∼= Q×p ⊕ Q×p and χp = χ′p ⊠ χ′′p with unramified characters χ′p and χ′′p
such that χ′pχ
′′
p = 1, and Ep(ξD) = {1}. We have
zp = (χ
′
p(p), χ
′′
p(p)), ρp = 1
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and Lp(s, fχ) = (1 − χ′p(p)p−s)−1(1 − χ′′p(p)p−s)−1. If p ∈ IE , then GξD1 is anisotropic
and unramified over Qp. Hence the Satake parameter of fχ at p is a unique character
of Ep(ξD) = {1}. This falls in the case (n0, ∂) = (2, 0) of [16, (1.18)]; thus Lp(s, fχ) =
(1 − p−2s)−1. If p ∈ RE , then GξD1 is anisotropic over Qp and the Satake parameter of
fχ is a character ρp of Ep(ξD) ∼= Z/2Z; ρp = 1 if χp(̟p) = 1 and ρp is the nontrivial
character of Z/2Z if χp(̟p) = −1 where ̟p is a prime element of Ep. This falls in the
case (n0, ∂) = (2, 1) in [16, (1.18)]; thus Lp(s, fχ) = (1−χp(̟p)p−s)−1. To sum up all the
cases, we have Lf (s, fχ) = Lf (s, χ).
Recall GξD1 (Af)
∼= (A×E,f/A×f )⋊Σ, where Σ =
∏
p∈f{1, σp} acts on AE by coordinate-wise
Galois conjugation. We endow the compact group Σ with the probability Haar measure;
then there exists a unique Haar measure on A×E,f/A
×
f which matches the Haar measures
on GξD1 (Af ) and on Σ. Since a natural map from (G
ξD
1 )
0(Q)\GξD1 (Af) to GξD1 (Q)\GξD1 (Af )
is two-to-one and since (GξD1 )
0(Q)\GξD1 (Af ) ∼= (A×E,f/E×A×f )⋊ Σ, the inner product of fχ
and fη is computed as
〈fχ, fη〉
G
ξD
1
=
∫
G
ξD
1 (Q)\G
ξD
1 (A)
fχ(h)f¯η(h) dh
= 1
2
∫
(G
ξD
1 )
0(Q)\GξD1 (Af )
fχ(h)f¯η(h) dh
= 1
2
∫
A
×
E,f
/E×A×
f
∫
Σ
fχ(s ◦ ι(tτ))f¯η(s ◦ ι(tτ)) dt dτ
= 1
2
∫
A×
E,f
/E×A×
f
1
2
(χ(t) + χ(t¯))× 1
2
(η(t) + η(t¯))) dt
= 1
4
vol(A×E,f/E
×A×f )(δ(χ = η) + δ(χ = η
σ)).
From our choice of the Haar measures, vol(A×E,f/E
×A×f ) = 2vol(G
ξD
1 (Q)\GξD1 (Af )); thus
vol(A×E,f/E
×A×f ) = 2hD/wD form Lemma 2.5. Thus fχ (χ ∈ ĈlD/Gal(E/Q)) is orthog-
onal. Note that χ = χσ if and only if χ2 = 1 as observed in § 1. From Lemma 2.5,
#(ĈlD/Gal(E/Q)) = #(G
ξD
1 (Q)\GξD1 (Af )/KξD∗1,f ) = dimV(ξD,KξD∗1,f ). Hence fχ forms an
orthogonal basis of V(ξD,KξD∗1,f ). Then the statements on the representations Uχ follow
from [22, Proposition 13.1]. 
3. Asymptotic formula for orthogonal group of degree 5
First we recall the notation and main result from [22] in a special setting. Let Q5 be
the space of column vectors of degree 5 viewed as a quadratic space with the quadratic
form tXQY , where
Q =
[
1
1
2
1
1
]
.(3.1)
The standard basis of Q5 is labeled as ε1, ε0, v, ε
′
0, ε
′
1 in this section. Set L = Z
5. Then
the dual lattice L ∗ of L is given as
L ∗ = Zε1 ⊕ Zε0 ⊕ (2−1Z)v ⊕ Zε′0 ⊕ Zε′1.
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Let G = O(Q) and Kf =
∏
p<∞Kp with Kp = G(Qp) ∩ GL5(Zp). Since the group
L ∗/L ∼= Z/2Z admits no non-trivial group automorphism, we have thatK∗f := Ker(Kf →
Aut(L ∗/L )) coincided with Kf .
Set
t[x1, X, y1] =
[ x1
X
y1
]
:=
[
x1
b
a
c
y1
]
, x1, y1 ∈ Q, X = [ a bc −a ] ∈ V1(Q).
Then the quadratic space (V1, Q1) considered in § 2.2 is isometrically embedded to (Q5, Q)
by the map sending X ∈ V1 to the vector t[0, X, 0] ∈ Q5. Here, we remind the readers that
an element X = [ x1 x2x3 −x1 ] of V1 is identified with a column vector
t[x2, x1, x3] and also with
a symmetric matrix Xw−1 =
[
x2 −x1−x1 −x3
] ∈ Q from time to time. Set z0 = [ 0 √−1−√−1 0 ] ∈
V1(C). Let D be the connected component of D˜ := {z ∈ V (C)|Q1[Im(z)] < 0} containing
the point z0, or explicitly
D =
{
z = [ z2 z1z3 −z2 ] ∈ C3
∣∣ (Imz1)(Imz3) + (Imz2)2 < 0, Imz1 > 0} .
The group G(R) acts on D˜ as G(R)× D˜ ∋ (g, Z) 7→ g〈z〉 ∈ D˜ , where
g
[ −Q1[z]/2
z
1
]
= J(g, z)
[
−Q1[g〈z〉]/2
g〈z〉
1
]
(3.2)
with J(g, z) ∈ C× the factor of automorphy. Let G(R)+ = {g ∈ G(R)| g〈D〉 = D}.
Then G(R)+ is a normal subgroup of G(R) of index 2 such that G(R)0 ⊂ G(R)+. Set
G(Q)+ = G(Q) ∩ G(R)+.
For an even positive integer l, Let Sl(Kf) be the space of all those holomorphic bounded
functions F : D × G(Af )→ C such that
F(γ〈z〉, γgfk) = J(γ, z)lF(z, gf), γ ∈ G(Q)+, (z, gf) ∈ D × G(Af), k ∈ Kf .(3.3)
For our particular G, we have G(Af ) = G(Q)
+Kf . Hence for any gf ∈ G(Af ), we have
F(z, gf) = F(γ〈z〉, 1) from (3.3) by writing gf = γk with γ ∈ G(Q)+ and k ∈ Kf . Thus we
can identify Sl(Kf ) with the space of bounded holomorphic functions F : D → C such
that F (γ〈z〉) = J(γ, z)lF (z) for all γ ∈ Γ+(Q), where we set Γ+(Q) = G(Z) ∩ G(Q)+.
Let L ∗1 ∼= Z⊕2−1Z⊕Z be the dual lattice of L1 = V1(Z) as in § 2.2. Let aF(gf ;n) (gf ∈
G(Af ), η ∈ L ∗1 , Q1[η] < 0) be the set of Fourier coefficients of F, which fits in the Fourier
series expansion of F:
F(z, gf) =
∑
η∈L ∗1
Q1[η]<0
aF(gf ; η) exp(2π
√−1(z1η3+2z2η2+z3η1)), z = [ z2 z1z3 −z2 ] ∈ D , gf ∈ G(Af ).
The Hecke algebra H (G(Af)/Kf) acts on a modular form F(z, gf) through the convolution
product in the second variable gf . Fix an orthogonal basis Fl of Sl(Kf ) consisting of joint
eigenfunctions of Hecke operators from H (G(Af )/Kf ), where the inner product of Sl(Kf )
is defined as
〈F,F1〉 =
∫
G(Q)+\(D×G(Af ))
F(z, gf)F1(z, gf) dµD(z) dgf
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with dµD(z) a G(R)
0 invariant measure on D given as
dµD(z) = (Q1(Im(z))
−3
3∏
j=1
2−1|dzj ∧ dz¯j |(3.4)
and dgf = ⊗p<∞dgp is the product measure of Haar measures dgp on G(Qp) so normalized
that vol(Kp) = 1. Let G = G
0 be the special orthogonal group of (V,Q). Then, for
each prime number p, G(Zp) = G(Qp) ∩ Kp is a maximal compact subgroup of G(Qp)
stabilizing the lattice Lp. Since dim(V ) = 5 is odd, G is the direct product of G and
{±15}, the center of G. Thus by restricting functions to G(Qp) we obtain an isomorphism
H (G(Qp) / G(Zp)) ∼= H (G(Qp) / Kp). For ν = (ν1, ν2) ∈ Xp, let IGp (ν) denote the
minimal principal series of G(Qp) induced from the unramified character χ
G
ν1,ν2
of the
upper-triangular Borel subgroup B(Qp) of G(Qp) such that
χGν1,ν2 : diag(t1, t2, 1, t
−1
2 , t
−1
1 )→ |t|ν1p |t2|ν2p .(3.5)
Let πGp (ν) be the unique G(Zp)-spherical constituent of I
G
p (ν). For each F ∈ Fl, let
{(αp, βp)}p<∞ be the set of Satake parameters of F, i.e., for each p < ∞, the spherical
function corresponding to the eigencharacter λF,p : H (G(Qp) / G(Zp)) → C on F is ob-
tained from the G(Zp)-invariant vector in π
G
p (ν), where ν = (ν1,p, ν2,p) ∈ Xp is determined
by αp = p
−ν1,p , βp = p−ν2,p. The local p-factor of λF,p is then defined as
Lp(s, λF,p) = (1− αpp−s)−1(1− βpp−s)−1(1− α−1p p−s)−1(1− β−1p p−s)−1.
Then the standard L-function of F is defined as the degree 4 Euler product
Lf (F, s) =
∏
p<∞
L(s, λF,p),
which is shown to be absolutely convergent on Re s > 4. The completed L-function
L(F, s) = ΓC(s+ 1)ΓC(s+ l − 3/2)Lf (F, s)
is continued to a meromorphic function on C which is holomorphic except for possible
simple poles at s = 3/2 and s = −1/2 satisfying the functional equation
L(F, 1− s) = L(F, s).
For a finite set S of prime numbers and F ∈ Fl, set
νS(F) := {(ν1,p, ν2,p)}p∈S ∈ XS :=
∏
p∈S
(C/2π
√−1(log p)−1Z)2.
Let D < 0 be a fundamental discriminant. Let V(ξD;KξD∗1,f ) be the space of all the smooth
C-valued functions f on GξD1 (Q)\GξD1 (A) such that f(hu∞uf ) = f(h) for all u∞ ∈ GξD1 (R),
uf ∈ KξD∗1,f . We endow the group GξD1 (A) with a Haar measure dh = ⊗p6∞dhp, where
dh∞ is the probability Haar measure on the compact group G
ξD
1 (R) and the measure dhp
on GξD1 (Qp) with p < ∞ is so normalized that vol(KξD∗1,p ) = 1. Let f ∈ V(ξD;KξD∗1,f ) be a
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simultaneous eigenfunction of the Hecke algebra H +(GξD1 (Af) / K
ξD∗
1,f ). Then set
afF(D) =
∑
j∈J
fχ(u˜j)aF(u˜j; ξD)/ej ,
a
f
F(D) = (4π
√
2|Q1(ξD)|)3/2−l Γ(2l − 1)1/2 afF(D),
where {u˜j}j∈J and ej (j ∈ J ) are as in Lemma 2.5, and denote by ‖f‖
G
ξD
1
the L2-
norm of f viewed as an element of L2(GξD1 (Q)\GξD1 (A), dh). Let U be an irreducible
G
ξD
1 (Af)-submodule of V(ξD) containing KξD∗1,f -fixed vectors, and Lf (s,U) be the standard
L-function of U defined in [16]. The completed L-function L(s,U) = ΓU(s)Lf (s,U) with
ΓU(s) := (2π)−sΓ(s)Ds/2 satisfies the functional equation L(1 − s,U) = L(s,U) ([16,
Theorem] and [22, §13.2]). For a finite set S of prime numbers such that 2 6∈ S and p 6∈ S
for all prime divisors p|D, let X+0S =
∏
p∈S X
+0
p and W (C2)
S =
∏
p∈S W (C2), where X
+0
p
is the set of ν ∈ Xp such that πGp (ν) is unitarizable and we consider the coordinate-wise
action of W (C2)
S on X+0S . Let Λ
ξD ,zS(s) =
⊗
p∈S Λ
ξD,U
p (s) with s ∈ Xp be the Radon
measure on the space X+0S /W (C2)
S defined by the formula [22, (5.20)], or explicitly given
by (3.6) below. Let B(U ;KξD∗1,f ) be an orthonormal basis of U ∩ V(ξD;KξD∗1,f ). Let D∗(s)
be the polynomial function of s defined in [22, §2.12], or explicitly D∗(s) = s2 − 1 in our
case. Then [22, Theorem 1.1 and Theorem 1.2] yields the following.
Theorem 3.1. Let φ = ⊗p<∞φp ∈ H (G(Af ) / Kf ) be any Hecke function such that
φp = 1Kp for p 6∈ S, where S is a finite set of odd prime numbers. Then there exists a
constant C = C(φ,D) > 1 such that as l ∈ 2N grows to infinity,
Γ(l)
4l3
∑
F∈Fl
φ̂S(νS(F))
Lf (1/2,F)
〈F,F〉
∑
f∈B(U .KξD∗1,f )
|afF(D)|2
= 4
(
π
4
)−1 {
ΛξD ,U(0; φ̂S) Ress=1Lf (s,U)
(
ψ(l − 1) + Γ
′
U(1)
ΓU(1)
− D
′
∗(0)
D∗(0)
− log(
√
8|Q1(ξD)|π)
)
+ Ress=1Lf (s,U)
(
d
ds
|s=0ΛξD ,U(s; φ̂S)
)
+ΛξD ,U(0; φ̂S) CTs=1Lf (s,U)
}
+O(C−l),
where
Γ(l) =
l3Γ(l − 3/2)Γ(l− 2)
Γ(l − 1/2)Γ(l) .
Proof. From Lemma 2.8, we may suppose U = Uχ with some χ ∈ ĈlD. We apply [22,
Theorem 1.1, Theorem 1.2] to our (V,Q) taking ξ = ξD and U = Uχ. We have m = 3 and
ρ = (3 − 1)/2 = 1. Moreover, from Lemmas 2.6 and 2.8, Uχ(KξD∗1,f ) = Cfχ, d+(Uχ) = 1,
d−(Uχ) = 0 and χ(Uχ) = 1. Note that #B(Uχ;KξD∗1,f ) = 1. Although [22, Theorem
1.2] only describes the main term of the asymptotic formula, the argument to prove [22,
Proposition 5.9] is easily extended to the case when Lf (s,U) has a pole at s = 1. 
To simplify the formula further, we use the following lemma.
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Lemma 3.2. Let χ ∈ ĈlD and f = fχ ∈ V(ξD,KξD∗1,f ) be the Hecke eigen function defined
by (2.11). Then
1
4l3
|afF(D)|2 = 2π−1
(
1− 3
2l
) (
1− 2
l
) (
1− 1
l
) ( |D|
4
)3/2−l
cl w
−2
D |R(F, D, χ)|2
with
cl =
√
π
4
(4π)3−2lΓ(l − 3/2)Γ(l − 2), R(F, D, χ) :=
hD∑
j=1
aF(1;Tjw)χ(cj),
where {Tj}hDj=1 is a complete set of representatives in SL2(Z)\Q+prim(D) and cj ∈ A×E,f/E×ôE×
is the image of Tj under the map SL2(Z)\Q+prim(D) → A×E,f/E×ôE× obtained by Lem-
mas 2.3 and 2.4.
Proof. Recall some material from [22, §2.11]. Set F (gfg∞) = J(g∞, z0)−l F(g∞〈z0〉; gf) for
gf ∈ G(Af ) and g∞ ∈ G(R)+. For η ∈ V1(R) such that Q1(η) < 0, let
Wηl (g∞) = J(g∞, z0)−l exp(2π
√−1Q1(η, g∞〈z0〉)), g∞ ∈ G(R)0
be the holomorphic archimedean Whittaker function of weight l. Then,
aF(gf ; η)Wηl (g∞) =
∫
V1(Q)\V1(A)
F (n(X)gfg∞)ψ(−Q1(η,X)) dX,
where ψ : Q\A→ C is a character determined by ψ(x) = e2π
√−1x (x ∈ R),
n(X) =
[
1 −tXQ1 −2−1Q1[X]
0 13 X
0 0 1
]
and dX is the Haar measure on V1(A) such that vol(V1(Q)\V1(A)) = 1. Let {u˜j}j∈J be
as in Lemma 2.5; for each j ∈ J , choose γj ∈ G1(Q), hj ∈ G1(R), and κj ∈ K1,f such
that u˜j = γjhjκj . Then by the construction of the bijection
A×E,f/E
×ôE
× ∼= GξD1 (Q)\GξD1 (Af )/KξD∗1,f ∼= SL2(Z)\Q+prim(D),
we see that u˜j ∈ GξD1 (Q)\GξD1 (Af )/KξD∗1,f and cj ∈ A×E,f/E×ô×E and the class of Tj :=
(γ−1j · ξD)w−1 = (det γj) tγ−1j ξDw−1γ−1j correspond to each other. For h ∈ G1(Q), let
m(h) = diag(1, h, 1) be its image in G(A). Since F is left G(Q)-invariant and right Kf -
invariant,
afF(D)WξDl (g∞) =
∑
j∈J
f(u˜j)
∫
V1(Q)\V1(A)
F (n(X)m(u˜j) g∞)ψ(−Q1(ξD, X)) dX
=
∑
j∈J
f(u˜j)
∫
V1(Q)\V1(A)
F (n(X)m(γjhjκj) g∞)ψ(−Q1(ξD, X)) dX
=
∑
j∈J
f(u˜j)
∫
V1(Q)\V1(A)
F (n(γ−1j X)m(hj) g∞)ψ(−Q1(ξD, X)) dX
=
∑
j∈J
f(u˜j)
∫
V1(Q)\V1(A)
F (n(X)m(hj) g∞)ψ(−Q1(γ−1j ξD, X)) dX
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=
∑
j∈J
f(u˜j) aF(1; γ
−1
j ξD)W
γ−1j ξD
l (m(hj)g∞).
Noting that g 7→ J(g∞, z) is left G1(R)-invariant and the image of γ−1j in G(R) equals hj,
we easily confirm Wγ
−1
j ξD
l (m(hj)g∞) =WξDl (g∞). Thus we obtain the expression:
afF(D) =
∑
j∈J
f(u˜j) aF(1;Tjw).
Set J1 = {j ∈ J | jˆ = j} and J2 = {j ∈ J |jˆ 6= j}, where j 7→ jˆ is as in Lemma 2.5.
For u ∈ ClD, let [u] denote the Gal(E/Q)-orbit of u. Then [uj] = {uj} if j ∈ J1 and
[uj] = {uj, u¯j} if j ∈ J2. Since s ◦ ι(t¯) = σ˜ (s ◦ ι(t)) σ˜ for t ∈ A×E,f and σ˜ ∈ GξD1 (Q)∩Kξ∗1,f ,
we may suppose γjˆ = σ˜γj and thus γ
−1
jˆ
ξD = γ
−1
j ξD. From Lemma 2.5, ej = wD if j ∈ J1
and ej = wD/2 if j ∈ J2. Hence
a
fχ
F (D) =
1
wD
∑
j∈J1
1
2
(χ(uj) + χ(u¯j)) aF(1; γ
−1
j ξD) +
2
wD
∑
j∈J2
1
2
(χ(uj) + χ(u¯j)) aF(; γ
−1
j ξD)
=
1
wD
∑
j∈J1
∑
u∈[uj ]
χ(u) aF(1; γ
−1
j ξD) +
1
wD
∑
j∈J2
∑
u∈[uj ]
χ(u) aF(1; γ
−1
j ξD)
=
1
wD
∑
j∈J
∑
u∈[uj ]
χ(u) aF(1; γ
−1
j ξD) =
1
wD
hD∑
j=1
χ(cj)aF(1;Tjw).
Since Q1(ξD) = D/2, by the duplication formula of the gamma function, we have
1
4l3
{
(4π
√
2|Q1(ξD)|)3/2−l Γ(2l − 1)1/2
}2
=
1
4l3
(4π)3−2l
(
|D|
4
)3/2−l
× 43/2−l × (22l−2π−1/2Γ (l − 1
2
)
Γ(l))
=
2π−1
l3
(l − 3/2)(l − 2)(l − 1)×
√
π
4
(4π)3−2l
(
|D|
4
)3/2−l
Γ(l − 3/2)Γ(l − 2)
= 2π−1
(
1− 3
2l
) (
1− 2
l
) (
1− 1
l
) ( |D|
4
)3/2−l
cl.

Let S be a finite set of prime numbers. For U = Uχ and s ∈ C, the measure ΛξD ,U(s),
denoted by ΛξD ,χ(s), is given by
ΛξD ,χ(s) =
⊗
p∈S
ζp(2) ζp(4)
ζp(1)L(s+ 1,AI(χ)p)
L
(
1
2
, πGp (ν)×AI(χ)p
)
L
(
1
2
+ s, πGp (ν)
)
L(1, πGp (ν),Ad)
dµPlp (ν),
(3.6)
where dµPlp (ν) is the spherical Plancherel measure describing the spectral decomposition
of L2(G(Qp)/G(Zp), dgp). Set Λ
ξD ,χ := ΛξD ,χ(0).
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Corollary 3.3. Let χ be a character of ClD = A
×
E,f/E
×ôE
×
. Let S be a finite set of odd
prime numbers such that p 6∈ S for all prime divisors p|D. Let φ = ⊗pφp is any Hecke
function such that phip = 1Kp for all p 6∈ S. Then as l ∈ 2N grows to infinity, we have
dχ cl,D
∑
F∈Fl
φ̂S(νS(F))Lf(1/2,F)
|R(F, D, χ)|2
〈F,F〉 = 32P (l, D, χ; φ̂S) +O(C
−l),
where P (l, D, χ; φ̂S) is equal to Lf (1,AI(χ))Λ
ξD ,χ(φ̂S) if χ 6= 1, and to(
Lf (1, ηD) (ψ(l− 1)− log(4π2)) + L′f (1, ηD)
)
ΛξD ,1(φ̂S) + L
′
f (1, ηD)
(
d
ds
|s=0ΛξD ,1(s; φ̂S)
)
if χ = 1.
Proof. This follows from Theorem 3.1, Lemma 3.2 and Lemma 2.8. To simplify the
formula when χ = 1, we note the relations Lf (1,Uχ) = ζ(s)Lf(s, ηD),
Γ′U(1)
ΓU(1)
= 1
2
log |D| − log(2π) + ψ(1), D∗(0)
D∗(0)
= 0,
Ress=1Lf (s,Uχ) = Lf (1, ηD), CTs=1Lf (s,Uχ) = L′f (1, ηD) + γ0Lf (1, ηD),
where γ0 = −ψ(1) is the Euler-Mascheroni constant. From these, we easily have the
equality
Ress=1Lf (s,Uχ)
(
ψ(l − 1) + Γ
′
U(1)
ΓU(1)
− D
′
∗(0)
D∗(0)
− log(
√
8|Q1(ξD)|π)
)
+ CTs=1Lf (s,Uχ)
= (ψ(l − 1)− log(4π2))Lf (1, ηD) + L′f (1, ηD).
We also note the relation (
1− 3
2l
) (
1− 2
l
) (
1− 1
l
)× Γ(l) = 1.

4. Proof of main result
Recall the notation for Siegel modular forms and G = PGSp2 introduced in § 1. As
is well-known, there is an exceptional isomorphism G ∼= SO(Q) which yields a linear
isomorphism between the spaces of modular forms Sl(Sp2(Z)) and Sl(Kf) preserving L-
functions and periods (for a precise statement, see Proposition 4.5), which allows us to
transcribe Corollary 3.3 in the language of Siegel modular forms. If we take S to be the
empty set, then we obtain Theorem 1.1 from Corollary 3.3. In the remaining part of this
section, we only focus on the main terms; noting the asymptotic formulas Γ˜(l) = 1+O(l−1)
and ψ(l − 1) = log l +O(l−1), we have the following proposition from Corollary 3.3.
Proposition 4.1. Let χ be a character of ClD = A
×
E,f/E
×ôE
×
. Let S be a finite set
of odd prime numbers such that p 6∈ S for all prime divisors p|D. Let φ = ⊗pφp ∈
H (G(Af ) / G(Ẑ)) is any Hecke function such that φp = 1G(Zp) for all p 6∈ S. Then as
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l ∈ 2N grows to infinity, we have
1
(log l)δ(χ=1)
∑
Φ∈Fl
φ̂S(νS(Φ))Lf (1/2, πΦ)ω
Φ
l,D,χ → 2Λχ(φ̂S)
{
Lf (1, ηD), (χ = 1),
Lf (1,AI(χ)), (χ 6= 1).
If the non-negativity of the central values Lf (1/2, πΦ) were available, we would obtain
the limit formula in Theorem 1.2 for the average over Fl directly from this by a familiar
approximation argument (cf. [21]). But this expectation seems to be very hard to be
realized, due to the existence of CAP forms. Let Φ = SK(f) ∈ Sl(Sp2(Z)) be the Saito-
Kurokawa lifting from an elliptic Hecke-eigen cuspform f on SL2(Z) of weight 2l − 2.
Then the following formula is well known.
Lf (s, πΦ) = ζ(s+ 1/2)ζ(s− 1/2)Lf(s, f).
Since the sign of the functional equation of f is minus, Lf (1/2, f) = 0. Noting this, we
obtain
Lf (1/2, πΦ) = ζ(0)L
′
f(1/2, f).
At present, our knowledge on the sign of this quantity is very restrictive. However,
concerning the size of this, the trivial bound |L′f (1/2, f)| ≪ε l1/2+ε immediately gives us
|Lf (1/2, πSK(f))| ≪ε l1/2+ǫ, f ∈ H2l−2,(4.1)
where H2l−2 is the set of the normalized Heck eigen elliptic cuspforms on SL2(Z) of weight
2l − 2. From [12, §5.3], we quote the following formula for Φ = SK(f).
ωΦl,D,χ = δ(χ = 1)
(48π)2hD
wD(l − 1)(l − 2)
Γ(2l − 3)
(4π)2k−3〈f, f〉
Lf (1/2, f × ηD)
Lf (1, f)
.
To prove Theorem 1.2, we follow the same strategy employed by [12] and [11]. Indeed, we
showed in [22, §5.2] that the argument works for a general orthogonal group conditionally
on two hypothesis [22, (1.7) and (1.8)]. For our (V,Q), due to the deep results on auto-
morphic representations of GSp2, we can make the argument unconditional. First, the
following lemma, which is a direct consequence of [12, Proposition 5.8] and (4.1), implies
the statement [22, (1.8)] is true.
Lemma 4.2. As l ∈ 2N grows to infinity,
1
(log l)δ(χ=1)
∑
f∈H2l−2
|Lf (1/2, πSK(f))|ωSK(f)l,D,χ−1 −→ 0.
This lemma also imples the second limit formula in Theorem 1.2. The truth of the
statement [22, (1.7)], which boils down to the statement
Lf (1/2, πΦ) > 0 for all Φ ∈ F ♭l .(4.2)
is known by [20, Theorem 5.2.4]. Thus we see that [22, (1.7) and (1.8)] are satisfied.
Starting from Proposition 4.1, by the same argument as in [22, §5.2], we complete the
proof of Theorem 1.2. 
Since Lf (1, ηD) 6= 0 and Lf (1,AI(χ)) 6= 0 if χ 6= 1, Corollary 1.3 is obtained from
Theorem 1.2 by approximating the characteristic function by a continuous function.
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4.1. Book-keeping for exceptional isomorphism. For convenience, we collect mis-
cellaneous facts which is useful to derive Proposition 4.1 from Corollary 3.3. For our
purpose, it is convenient to use the 5-dimensional quadratic space
V =
{
Y =
[
X −x′w
x′′w tX
] |X ∈ V1, x′, x′′ ∈ Q}
over Q with the quadratic from q(Y ) = 1
2
det(Y 2) ([14, §6.3]). By letting the group GSp2
act on V as ρ(g)Y = gY g−1, we have a surjective Q-morphism ρ : GSp2 → SO(V ) whose
kernel coincides with the center of GSp2. Thus ρ realizes the exceptional isomorphism
PGSp2
∼= SO(V ). Set
ε0 =
[
0 1
−1 0
0 0
0 0
]
, ε′0 =
[
0 0
0 0
0 −1
1 0
]
, ε1 =
[
0 1
0 0
0 0
1 0
]
ε′1 =
[
0 0
1 0
0 1
0 0
]
, v =
[
1 0
0 −1
1 0
0 −1
]
.
Then these vectors form a Q-basis of V such that
q(x1ε1 + x0ε0 + zv + y0ε
′
0 + y1ε
′
1) = [x1, x0, z, y0, y1]Q
[ x1
x0
z
y0
y1
]
with Q given by (3.1). We use the matrix realization of O(V ) as O(Q) identifying an
element h˜ ∈ O(V ) with the matrix h ∈ O(Q) determined by the relation
[h˜(ε1), h˜(ε0), h˜(v), h˜(ε
′
0), h˜(ε
′
1)] = [ε1, ε0, v, ε
′
0, ε
′
1] h.
The particular elements n(X) for X ∈ Q3 and m(t; h) for t ∈ Q×, h ∈ G1 := O(Q1) of the
matrix group G := O(Q) is defined as
m(r; h) = diag(r, h, r−1), n(X) =
[
1 −tXQ1 −2−1Q1[X]
0 13 X
0 0 1
]
.
Then for ρ : GSp2 → SO(Q), the following formula is easily confirmed
ρ
([
12 B
12
])
= n(
[
b1
−b2
−b3
]
), B =
[
b1 b2
b2 b3
]
,(4.3)
ρ
([
A
νtA−1
])
= m(ν−1 det(A); s(A)), A ∈ GL2, ν ∈ GL1,(4.4)
where s(A) is the matrix given by (2.7). From thses, the Siegel parabolic subgroup of
GSp2 corresponds to the maximal parabolic subgroup P stabilizing the line Qε1.
There exists a unique isomorphism jD : h2 → D such that jD(
√−112) = z0 and
jD(g.Z) = ρ(g)〈jD(Z)〉, g ∈ GSp2(R), Z ∈ h2.(4.5)
Therefore, ρ maps the maximal compact subgroup{[
A B
−B A
] |A+√−1B ∈ U(2)}(4.6)
of GSp2(R)
0 onto the maximal compact subgroup K∞ = StabG(R)0(z0) of G(R)0.
Lemma 4.3. We have
jD(Z) =
[ z1−z2−z3 ] for Z = [ z1 z2z2 z3 ] ∈ h2.
For g = [ A BC D ] ∈ GSp2(R)0, we have
det(CZ +D) = J(ρ(g), jD(Z)), Z ∈ h2.
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Proof. By the Iwasawa decomposition of GSp2(R), for any element Z ∈ h2 we can find
A = [ a bc d ] ∈ GL2(R) and S = [ s1 s2s2 s3 ] ∈ Sym2(R) such that
Z =
[
A
tA−1
] [
12 S
12
]
.(
√−112).
By a computation,
m(detA; s(A)) n(
[ s1−s2−s3 ])
[ −1√−1
0
−√−1
1
]
= det(A)−1
[ ∗
z1−z2−z3
1
]
,
Z = A tAi+ AS tA = [ z1 z2z2 z3 ]
with
z1 = (a
2s1 + 2abs2 + b
2s3) +
√−1(a2 + b2),
z2 = (acs1 + (ad+ bc)s2 + bds2) +
√−1(ac+ bd),
z3 = (c
2s1 + 2dcs2 + d
2s3) +
√−1(c2 + d2).
Hence from (4.5), (4.3), and (4.4),
jD(Z) = ρ(
[
A
tA−1
] [
12 S
12
]
) 〈z0〉 = m(detA; s(A)) n(
[ s1−s2−s3 ]) 〈z0〉 = [ z1−z2−z3 ] .
Set Jh2(g, Z) = det(CZ + D). We have Jh2(g1g2, Z) = Jh2(g1, g2.Z)Jh2(g2, Z) and a
similar automorphy relation for J . By the Iwasawa decompositions on GSp2(R)
0 and
G(R)0, it suffices to show the relation Jh2(g,
√−1 12) = J(ρ(g), z0) for
g =
[
A
ν tA−1
] [
12 B
12
]
(4.7)
and for elements g belonging to (4.6). For g of the form (4.7) we easily have Jh2(g,
√−1 12) =
ν(detA)−1 and J(ρ(g), z0) = ν(detA)−1 by means of (4.3) and (4.4). Since g 7→ Jh2(g,
√−1 12)
and g 7→ J(ρ(g), z0) are characters of the compact connected group (4.6) isomorphic to
U(2), it suffices to show
d
dt
∣∣
t=0
Jh2(exp(tH),
√−1 12) = ddt
∣∣
t=0
J(ρ(exp(tH)), z0),
where H is an element in the Lie algebra of (4.6) of the form
H =
[ x1 0
0 x2
−τ1 0
0 −τ2
]
with τ1, τ2 ∈ R. By a direct computation,
dρ(H) =
[
0 τ2 0 −τ1 0
−τ2 0 0 0 τ1
0 0 0 0 0
τ1 0 0 0 −τ2
0 −τ1 0 τ2 0
]
.
By taking the differential of (3.2) applied to g = ρ(exp(tH)) with z = z0, we have
dρ(H)
[−1
z0
1
]
= d
dt
∣∣
t=0
J(ρ(exp(tH), z0)
[−1
z0
1
]
.
with z0 =
t[
√−1, 0,−√−1]. Hence
d
dt
∣∣
t=0
J(ρ(exp(tH), z0) = (−τ1, 0, τ2)z0 = −
√−1(τ1 + τ2).
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On the other hand, from definition
Jh2(exp(tH), i12) = det
[
e−
√−1tτ1 0
0 e−
√
−1tτ2
]
= e−
√−1t(τ1+τ2).
Hence we have d
dt
|t=0Jh2(exp(tH),
√−1 12) = −
√−1(τ1 + τ2) as desired. 
From Lemma 4.3, (1.2) and (3.4), we see that the volume forms on h2 and on D are
related by
j∗D (dµD)(Z) =
1
8
dµh2(Z),(4.8)
where Z = [ z1 z2z2 z3 ] ∈ h2 and dZ =
∏3
j=1 2
−1|dzj ∧ dz¯j |.
SinceGSp2(Zp) stabilizes the lattice V (Zp)
∼= Lp, we have the containmentGSp2(Zp) ⊂
ρ−1(G(Zp)), which should be the equality because GSp2(Zp) is a maximal compact sub-
group of GSp2(Qp), i.e.,
ρ(GSp2(Zp)) = G(Zp) (p <∞).
Recall the spherical representations πurp (ν) defined in § 1 and πGp (ν) defined in § 3; they
are related by ρ as expected.
Lemma 4.4. For ν ∈ Xp, πGp (ν) ◦ ρ ∼= πurp (ν).
Proof. By (4.3) and (4.4), we see that ρ(B) = B and
ρ(diag(t1, t2, λt
−1
1 , λt
−1
2 )) = diag(a1, a2, 1, a
−1
1 , a
−1
2 )
with a1 = λ
−1t1t2 and a2 = t1t
−1
2 for (t1, t2, λ) ∈ (Q×p )3. For (a1, a2) and (t1, t2, λ) related
by this equation, it is easy to confirm
χGν (diag(a1, a2, 1, a
−1
1 , a
−1
2 ) = χν(diag(t1, t2, λt
−1
1 , λt
−1
2 ))
by (1.4) and (3.5). Thus χGν ◦ ρ = χν , which implies IGp (ν) ◦ ρ = Ip(ν) for any ν ∈ Xp.
Since ρ(G(Zp)) = G(Zp), the G(Zp)-spherical constituent π
ur
p (ν) of Ip(ν) and the G(Zp)-
spherical constituent πGp (ν) of I
G
p (ν) corresponds to each other by ρ. 
Proposition 4.5. The map F 7→ Φ defined as
Φ(Z) = F(jD(Z), 1), Z ∈ h2
yields a linear bijection j∗D : Sl(K
∗
f ) → Sl(Sp2(Z)) preserving the actions of the Hecke
algebras under the isomorphism ρ∗ : H (G(Af ) / Kf ) → H (G(Af ) / G(Ẑ)). Let F ∈
Sl(K
∗
f ) be a Hecke eigenfunction and set Φ = j
∗
D (F); then
Lf (s, πΦ) = Lf (s,F), ‖Φ‖2 = 16 ‖F‖2.
Moreover, for any fundamental discriminant D < 0 and for any character χ of ClD, we
have
R(Φ, D, χ) = R(F, D, χ).
Proof. The relation between ‖F‖2 and ‖Φ‖2 follows from (4.8). Here, a care is necessary
because ‖F‖2 is defined by the integral over Γ+(Q)\D whereas jD is bijective only on the
double cover G(Z)\D of Γ+(Q)\D . 
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